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1 Introduction 


Multi-Regge form of many-particle amplitudes underlies the well-known BFKL (Balitsky- 
Fadin-Kuraev-Lipatov) approach [IHl], which gives the most common basis for the description 
of small X processes. The idea of this form emerged in the process of the calculations of 
elastic scattering amplitudes at large c.m.s. energies ^/s and fixed momentum transfer \/^ 
in the leading logarithmic approximation (LLA) which means summation of radiative correc¬ 
tions of the type of ( 5 ^^ ln(s/|f|))”' {g is the coupling constant). The dispersive method used in 
the calculations requires knowledge of all inelastic amplitudes in the multi-Regge kinematics 
(MRK) where produced particles have limited (not growing with s) transverse momenta and 
strongly ordered longitudinal momenta. It turned out ElE] that these amplitudes have the 
multi-Regge form in the first few orders of perturbation theory. This led to the hypothesis that 
this form is valid in the LLA in all orders of perturbation theory. Lately, this hypothesis has 
been proved [ 6 ]. Then, it was generalized for the next-to-leading logarithmic approximation 
(NLLA), which means summation of radiative corrections of the type of ln(s/|f|))'^. Note 
that in this approximation one has to consider not only the LLA amplitudes with ^f^-corrections, 
but also amplitudes with a couple of particles having longitudinal momenta of the same order. 
They correspond to the kinematics which is called quasi multi-Regge (QMRK). To unify con¬ 
sideration we will use in the following the notion "jet" both for such couple of particles and for 
a single particle and will treat QMRK as MRK with jets. 

The BFKL approach in the NLLA is widely used in Quantum Chromodynamics (QCD) 
now. It is used also in supersymmetric Yang-Mills theories (SYM); in particular, it was used 
in the maximally extended (A/" = 4) SYM for check of self-consistency of the ABDK-BDS 
(Anastasiou-Bern-Dixon-Kosower - Bern-Dixon-Smirnov) ansatz [HIH] for amplitudes 

with the maximal helicity violation (MHV amplitudes) in the multi-color (planar) limit and for 
verification of the conjectures of dual conformal invariance IMS] and correspondence between 
the MHV amplitudes and expectation values of Wilson loops plElEnHIS], presentation of 
true amplitudes as the product on a function of conformal-invariant ratios of kinematic 

invariants R called the remainder factor, and for the calculation of this factor in the multi-Regge 
kinematics [201127) . 

To be confident in the results of the BFKL approach in the NLLA one needs a proof 
of validity of the multi-Regge form of many-particle amplitudes in this approximation. The 
way of proving based on s-channel unitarity was outlined in [ 2 B] and worked out in detail 
in [29]. The main steps of the proof are the following. The requirement of compatibility of 
the s-channel unitarity with the Reggeized form of amplitudes leads to an infinite set of the 
relations (bootstrap relations) connecting derivatives of this form over energy variables with 
the discontinuities in this variables, which, in turn, are determined by this form. It turns out 
that all these relations are fulfilled if several conditions on the Reggeon vertices and trajectory 
(bootstrap conditions) are valid. Thus, the proof of the multi-Regge form is reduced to check 
validity of the bootstrap conditions. 

In this paper we present the results necessary for this check in Yang-Mills theories containing 
fermions (we will call them also quarks) and scalars in arbitrary representations of the colour 
group with a general form of the Yukawa-type interaction. First, we define the multi-Regge form 
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Figure 1. Schematic representation of the amplitude 2 —)■ 2 + n. The zig-zag lines represent 
Reggeized gluon exchange. Right and left black blobs represent the Particle-Particle-Reggeon 
(PPR) vertices; black blobs in the middle represent the Reggeon-Reggeon-Particle vertices. 


of multiple production amplitudes and present all components of this form in the NLLA. Then 
the bootstrap approach to the proof of the validity of this form is sketched, all main components 
of the bootstrap conditions are dehned and fulhlment of these conditions is discussed. 

The paper is organized as follows. In Section 2 we dehne the multi-Regge form of the MRK 
amplitudes and specify the theories in which this form will be proved. In Section 3 we present 
the Regge trajectory of the gauge boson (we call it gluon as in QCD) and the Reggeon vertices 
entering in the multi-Regge form. In Section 4 the bootstrap approach is briefly presented 
and the bootstrap conditions are formulated. In Section 5 verihcation of these conditions is 
presented. 


2 The multi-Regge form of multiple production amplitudes 

The multi-Regge form of the amplitude A 2 ^n +2 of the process A + B —)■ JqA Ji +... +Jn + Jn+i 
is shown in FigH] where the zig-zag lines represent Reggeized gluon (Reggeon) exchange, right 
and left black blobs represent the Particle-Particle-Reggeon (PPR) vertices and black blobs 
in the middle represent the Reggeon-Reggeon-Particle (RRP) vertices. The PPR and RRP 
vertices are called also scattering and production vertices correspondingly. 

It is necessary to note here that the simple factorized form shown in Fig{T]is valid for the 
real parts of the MRK amplitudes only. In fact, the imaginary parts are much more complicated 
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than the real ones and have not any factorized form at all. 

In the following for any 4-vector v we use the decomposition v = v^rii -f v~n 2 + v± with 
light-cone vectors ni ,2 such that (nin 2 ) = 1, and therefore = (n,n 2 ), v~ = (n,ni). It is 
supposed that the dominant components of the momenta pa and pb of the initial particles A 
and B are p\ and p~^ correspondingly, so that the squared energy in the c.m.s. s ~ 2p\p~^. Each 
of the final jets Ji, i = .. .n + 1 with momentum ki = qi — go = Pa, qn +2 = —PB can 

represent either a single particle or a couple of particles. Their rapidities | In {kf /k~^ 

for i = 1,.. .n, I/O = hi[y/2p\/\qix_\) and Pn+i = In (|g(„+i)_L|/\/2pjj) are strongly ordered: 
I/O > 2/1 > • • • > l/n > Vn+i, all kiB are limited. 


In these denotations the multi-Regge form for the real parts of the MRK amplitudes can be 
written as 
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where u{q) is called the gluon trajectory (in fact, the trajectory is l-|-a;(g)), Tj^^ and are 

the scattering vertices and 7 ^*^ ^ are the production vertices. The numerator of the Reggeon 

/ / \ u){qi) 

propagator eA^iAvi-i-Vi) = (si/Jk‘j_^jJ:‘jA , where s, = {ki -|- ~ 2k~^^kf is known as 

the Regge-factor. 


In the NLLA one has to know the gluon trajectory with the two-loop accuracy, the Reggeon 
vertices with one-particle jets with the one-loop corrections and the Reggeon vertices with 
two-particle jets at the Born approximation only. In QCD all these vertices and the trajectory 
were calculated with the required accuracy many years ago (see, for instance, | 2 H] and references 
therein). Here we present them for a wide class of Yang-Mills theories with Uf quark fields 1 / 1 “* (a* 
and i are correspondingly colour and flavour indices, i = 1,Uf) and Ug (pseudo)scalar fields 
(j)^^ (Ar and r are colour and flavour indices respectively, r = 1 ,..., Us) in any representations 
of the colour group with a general form of the Yukawa-type interaction 

Cy = Sr (i’f brM7) ‘t‘'r + h.c.. (2.2) 

In the lagrangian (12.21) [ 75 ]^ = 1 for scalars and [ 75 ]^ = *75 = —pseudoscalars; 
{Rij)a{cj flavour matrices of the Yukawa-type interaction. Different fields transform accord¬ 
ing to different representations of the gauge group SU{Nc) with generators for 

gluons, for quarks and for scalars. The colour projectors {Rij)^J.c. obey the commutation 
relations following from the gauge invariance: 


= {R)d7;.^{V)mYnY • (2.3) 

Here the summation is only performed over colour indices b, d, and m^. We will use the 
symmetry factors k{ {k^) equal to 1/2 for Majorana quarks (for the real scalars) and equal to 
1 for Dirac quarks (for complex scalars) and the denotations 
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(2.4) 


3 





(2.5) 


where generators T/, T/ are normalized by the relations 

Tr[T“T'] = N,5ab , Tr[t“t^] = 5ab , TriT^^T^] = • 

Qnadratic Casimir operators are defined as 

T“T“ = Cy = iV„ = C]., T;T; = C’^s- (2-6) 

In the fnndamental representation T/ = 1/2 and = (A'"/ — l)/(2A^c)- But note that we use 
the denotations T/ and C];. for any representation of the colour group for quarks. The quark 
loop contributions with the colour structure Tr[t“f^] can be obtained from the QCD ones (where 
quarks are in the fundamental representation) by the substitution Uf —)■ and the 

contributions with the colour structure by the substitution 1/iV/ —)■ 1 — 2Cp/Nc . One 

can also restore the contributions of vacuum polarization by scalars from corresponding quark 
contribution in QCD by the substitution [30l[3T] ri/ —)■ 2 /(4(1 + e))- 

It is worth noting that the interaction fl2.2l) permits transitions with nonconservation of 
fermion and scalar flavours. For the diagonal transitions we omit the flavour indices. 

The iV-extended SYM contains hm = N Majorana quarks and = 2{N — 1) neutral 
scalars. The matrices in SYM have the form ^^e flavour 

matrices subject to the conditions [A'’]^ = —1, Tr[A''] = 0, Tr[A'’A*] = ujY* with nj = um- 
The Yukawa constant in SYM reduces to gy = g/2. 

As it is known, dimensional regularization violates supersymmetry, therefore in SYM a 
modification of the dimensional regularization is used which is called dimensional reduction 
|32| . Hereafter to present explicitly N = 4 SYM results we use the dimensional reduction 
scheme, where = 6 — 2e. 


3 Gluon Regge trajectory and Reggeon vertices 


Apart from contributions of the Yukawa-type interaction fl2.2p . all Reggeon vertices as well as 
the gluon trajectory in the Yang-Mills theories with quarks and scalars in any representations 
of the colour group can be obtained from known results with the NLLA accuracy by the 
substitutions discussed above. 

There are two kinds of scattering vertices: with dominant -|- and dominant — components of 
particle momenta, or, in other words, in fragmentation region of particles A and B. Evidently, 
ones can be obtained from other by appropriate substitutions. We present the scattering vertices 
for the particle A fragmentation region. 


3.1 Gluon trajectory 

The two-loop calculations of the trajectory were carried out in Refs. j33H3Z] and then confirmed 
in [551139) . Using the integral representation for the trajectory in QCD [31] we obtain in 
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D = 4 + 2e space time dimensions 
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where 


2 g^Nj:{l - e) 


9 = 


(47r)2+e 

r(x) is the Enler gamma-fnnction, g is the bare conpling, and 


(3.2) 


f{h,k2) = 




(fci - ^ 2 )^ f _ 

7ri+T(i-6)i (fc^_r)2(4_r)2 


In I I _ 2^/i(l + 26) - V' (1 - 6) 
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7 ( 3 :) = 
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, oi — 11 + 7e — 4(1 + e)7/ — 7s 


(3.3) 

(3.4) 


For = 4 SYM, the coefficients ai vanishes in the dimensional redaction. 


An explicit expression for the trajectory was calcnlated in QCD ra only the limit e —)■ 0. 
Using this resnlt we obtain 


^(-P) = -9\q^r 


r(2£) 


+9\r-f' 




, (3.5) 


where C,{n) is the Riemann zeta-fnnction. In Y = 4 SYM with the dimensional redaction one 
has 


^(-q^)n^syM = + S\?T [7(2) - 2C(3) + 0(e) 

r(2e) [e 


(3.6) 


In the MS scheme the bare conpling is connected to the renormalized conpling, g^^ throngh the 
relation 
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In terms of the renormalized conpling, one obtains 
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3.2 Vertices for one-particle jets 


Reggeon vertices with gluons are gauge invariant. To simplify representation of these vertices, 
we will use for the polarization vector e of the gluon with the momentum k the light-cone gauge 
(en 2 ) = 0 , so that 




kn2 


a 

-n^ 


(3.9) 


It worth noting that knowing some vertex in this gauge, one can restore its gauge invariant 
form. Here we have used the notation (a, b)j_ = (a_L, b±). 


Scattering vertices 


Using results of Refs. |3nH0] - H2] for the one-loop gluon, quark and scalar corrections corre¬ 
spondingly, we obtain for the gluon-gluon-Reggeon vertex 


Tg'G “ ~9{^ e) 


rjiR 

-^G'G 


1 - 0 + ^( 1 ) + ^(1 - e ) - + e )- 


(1 -F e)^ai -F 2e^a2 \ _ _2/_ 2Ne ^^(1e) 

2(1 + e)2(l + 2e)(3 + 2e) j\ ^ (1 + e)r(4 + 2e) 

^ TS'ce'l^e^. (sf - (r> - 2)^) a 2 , (3.10) 

where e and e! are the polarization vectors of the gluons G and G' respectively, q is the Reggeon 
momentum, Tqiq is the colour factor. 


02 — 1 + e ~ 


(3.11) 


For = 4 SYM, the coefficients 02 vanishes in the dimensional reduction. 

The quark-quark-Reggeon vertex Tq/q with one-loop accuracy was calculated in QCD 
in [l3]. Scalar corrections in SYM were found in |12]. Using these results, we obtain 
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Oi — 3(3 -|- 2e) 
^ 2(l + 2e)(3 + 2e) 
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R(Y) 
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(3.12) 


where ^q?q. is the contribution of the Yukawa-type interaction. We don’t present it here in 
the general case because we don’t need its explicit form to prove the validity of the bootstrap 
conditions. In SYM this term is absent due to the cancellation of the scalar and pseudoscalar 
contributions. They have different signs because corresponding matrix elements contain odd 
numbers of gamma matrices between two matrices 75 in the pseudoscalar case and two identity 
matrices in the scalar case. 
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The scalar-scalar-Reggeon vertex g was calculated in |12] in SYM by the method 

___ ^ 

developed in |31]. The calculations can be easily extended to any representation of the colour 
group with the result 
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where T^/^^ is the contribution of the Yukawa-type interaction. As well as for the quark vertex, 
we don’t present it here in the general case, because we don’t need its explicit form. In SYM 
we have |42) 


.R{Y) 

S'S 


= -9Ts%9\-qiy 


r^(i + e) o. (-1) 


20 


er(l -|- 2e) 

where A = 0 if S' is a scalar and A = 1 if S' is a pseudoscalar 


l + 2e 


(3.14) 


Production vertex 


In the Born approximation the Reggeon-Reggeon-gluon vertex 7 ^^^2 obtained in [5]. 

One-loop gluon corrections to the vertex were calculated in Refs. |40l 1451 - 147] . In the last paper 
they were obtained at arbitrary D = A + 2e. With the same accuracy, the quark and scalar 
corrections were obtained in |4H] and (31] respectively. At arbitrary D the corrections are 
rather complicated (mainly because of the gluon contribution). We present them here in the 
form where only terms singular at small gluon transverse momentum k {k = qi — q 2 , qi ,2 are 
the momenta of the Reggeons ^ 1 , 2 ) are given at arbitrary D, but the other terms in the limit 
e ^ 0. 


1%iR2 ~ ^r\r2 + ^ 2 ) 
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is the Born vertex (5] in the light-cone gauge (e, n 2 ) = 0, 
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For N = A SYM in the dimensional reduction scheme 
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3.3 Vertices for two-particle jets 


Now we turn to vertices which are absent in the LLA and appear in the NLLA. They are needed 
in the Born approximation only. 


Scattering vertices 


We will present the vertices Tjp of the transition of a particle P to a two-particle jet J. The 
vertex of the inverse transition Tpj = (Tjp) . We denote the momentum of the initial particle 
k and the momenta of the hnal particles h, I 2 , total jet momentum is Z = /i -|- I 2 , = k~^ 

(remind, we are in the particle A fragmentation region), 


k = k+ 


Hi 


2k+ 


n2 + k±, 




Hi 


2xil+ 


n2 + li±, i = 1, 2, xi + X2 = 1. 


(3.19) 


The vertex of quark —> quark-gluon jet transition ^fQG}Q 
QCD [35|H9]. It can also be written as in |5n) : 

4 


has the same form as in 


tft4{A>^{x2li± - xikx) - - xik^)) 


-t 4 tf{A'^{-l 2 ± + X 2 k_i)-A^{h±-xik_i)) u{k) , 


(3.20) 


where e is the gluon polarization vector, quark colour and flavour wave functions are included 
in u{li) and u{k), 


^bip) = “4 ■ 

pZ 


(3.21) 


Let us present the vertices of the gluon G transition to pairs {Pi(Zi), P 2 {l 2 )} in the form 

rfp.ftlG = + T'>T°21 ?,p,(«:)) , (3.22) 

where are the colour group generators for produced particles in the corresponding repre¬ 
sentation. Generators ( ) and ( ) operate with the colour wave functions 

V / P 1P2 V / P1P2 
of the particle produced in fl3.22p . 


For gluon —)■ quark-antiquark transition one has 

= ti(Zi)^(^^(Zl_L - Xik2_) - A'^{x2llX - Xil2x))v{l2) , 


with 


^ - X2^'j^) 


P 


(3.23) 


(3.24) 


The second term in fl3.22p reads as follows (the minus sign is associated with Fermi statistics) 
AQgik) = -A'^Q^k) ^ = -u{h)^^{A^{-h± + X2k±) - At^{x2h± - Xil2±))v{l2) . (3.25) 














Let us note that the vertex ^fQQ^Q [SI] can be obtained from by crossing, i.e. by 

the replacement 


1 X\ 

X2 Xi ^ —k±, e*j_^ e_L^, u{k) '^(^ 2 ) • 


X2 


X2 


The gauge invariant gluon —)■ gluon-gluon jet Reggeon vertex 
in [52]. In the light-cone gauge we have [51] for the representation (I3.22|) : 


(3.26) 
was obtained 


"4giG 2(^) = 2eile2l(^;,,.p(/i± - Xik±) - A^yp{x2lix - Xikx)) , (3.27) 

where ei ,2 are the polarization vectors of the gluons Gi ^2 with the momenta li^ 2 , and 


Apupip) = —{xiX2g''^p^ - xig^’^pp - X2g^^p'') . 


p 


(3.28) 


For the vertex of the scalar pair {S'(/i), *S'(Z 2 )} production by the gluon G{k) [12] we 
have in fl3.22D 

7l^^(A:) = -2(M;(/i^-a;iA;^)-M;(a;2/m-a;i/2±)) , (3.29) 

where 


MGp) = X1X2 


p^ 

■ p2 


(3.30) 


The scalar —)■ scalar-gluon jet vertex can be easily obtained from the previous one by 
the crossing replacement fl3.26p : 


pi? 

{GS'}S 


= -2g^e* 


±^l 


^^^(^M,^{x2h - x.k) - - X^k)') (3.31) 


+ X2k) - M,^{h - Xrk) 


, Map)=x,^. 

PI 


The rest particle —two-particle jet transitions exist due to Yukawa-type interaction. 
The Reggeon vertices for these transitions in SYM were calculated in [32]. The scalar 
quark-antiquark vertex is written as 


ri? 


{Q 


'iQj}Sr ~ 9 gYUi{li) 


42 

2k+ 




S,f{x2h-Xlh)± , (J2-X24)± 
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(^ 1/2 ~ ^2h)± xi4)± 


{X 2 h - Xih)^ (h-xik) 


{X 2 I 1 - XihYx (^2 - X2k)\ 
[l5]rVj{l2) , 


+ 


(3.32) 


where i is quark and j is and anti-quark flavour, r is the scalar flavour {Sr is the scalar colour 
index); [ 75 ]^ = 1 if 5 is the scalar, and [ 75 ]^ = Z 75 for the pseudoscalar case. The crossing 
vertex is 


42 


“ 9gYUi{li) ^^^X2 
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r \ Sr 


^ ,R f (X2/1 - Xi/ 2 )± _ ijl - Xi}ji)± 
^ V (^ 2/1 - 2 : 1 / 2 )! (/i - a;iA:)! 


t f (/i -a:i^)± {H-X24)± 

{h-xik)\ {l 2 -X 2 k)\ 

bblrUjik) . 


(3.33) 
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Production vertices 


Denoting momenta of produced particles Pi and P 2 as li and ^ 2 , of Reggeons Pi, P 2 momenta 
as qi and q 2 , qi — q 2 = h + h = I, we have for the jet production vertices: 

Bp2Pi{qu k, h )) , (3.34) 

where are the colour group generators for produced particles. Here for quark-antiquark 
production {Q{h),Q{h)} one has jlSHnS] 


^2 

BQQ{qi;h,h) = u{h)j^b{qi;li,l2)v{l2) , 

BQQiqi'ihJi) = —BQQ{qi,lij2) _ ^ = —u{h)—b{qi;l2,h)v{l2), 


ll-<r^l2 


(3.35) 


where 


b{qi; h, h) 
b{qi] h, k) 


/i±(/i± - ii±) X 1 X 2 r 9 i_l - ^J2±) 

xi{qi - li)\ + X2l\p _ k\ + xiX2l\ xi 

7 ° 6 'f(gi; k, k)l^ , = {x2k - XikY^ ■ 


1 

X2 \ 

(3.36) 


For the vertex of two-gluon {G'i(Zi), G' 2 (/ 2 )} production the result was obtained in the gauge 
invariant form [52] • In the light-cone gauge fl3.9p it reads as 


5GiG2(gi; A,^ 2 ) =4et([e2^( -gf 


X 1 X 2 


. 2 (A±,(r 2 A±+xi/ 2 ±)^ 

A( v-2(4i±.Ai)+9ix ^^(2 ^+ ,,,2^ j 


- X 1 X 2 


<ll± - 2 (gi±,/i±) 

xi{qi - k)\ + X 2 II 


^2li±qY - Xiq^piqi - k) 


/3 


xi{qi - A)i + X 2 II 


i± 


xiql±l?±{qi - k)± 
ljj_{xi{qi - kY + X 2 llp) 


^ XiqfpA{ + X2qY^'i ^ XiqjJ'^jY 


A 2 


^1±{X211± + XilY) A']_{x2llj_ + Xillp) 


XlX2qi2_ (A 0 7/3 I ia a/3\ 


(3.37) 


For the vertex of two scalar {S'(/i)S'(Z 2 )} production one has [3T] : 


Bss{qAk,k) — ‘^qi±XiX2^ 
{qi,k - xiqi)± 


X2 - Xi 


+ 2 


(?i,A) 


- 2 


qfxiik - xiqi)l + XiX2qY] 


{k - Xiqi)\ + XiX2qfp qlxY. 
qi I 


(3.38) 
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4 Bootstrap approach to the proof of the multi-Regge am¬ 
plitude form 

4.1 Bootstrap relations 

In QCD, the scheme of the proof was formulated in |29) . The main point of the scheme is use 
of the restrictions imposed on the amplitudes with negative signatures in all fj-channels by the 
unitarity conditions. 

Signature (positive or negative) is a quantum number attributed to Reggeons in the the¬ 
ory of complex angular momenta. Amplitudes with Reggeon exchanges have corresponding 
signatures. At high energy it means the corresponding symmetry with respect to the sign 
change of the energy variables. The signature of the Reggeized gluon is negative, i.e. the MRK 
amplitudes with the Reggeized gluon exchange in the channel ti are odd with respect to the 
replacements Sjk — t —Sjk, {sjk) = {ki + kjY for k>i>j + l. For the MRK amplitudes in the 
Born approximation this property is fulfilled for any ti thanks to the common factor s. There¬ 
fore the Born amplitudes have negative signatures in all tj-channels and can be considered as 
amplitudes with Reggeized gluon exchanges in all these channels. In higher approximations 
conventional amplitudes are given by a sum of amplitudes with definite signatures (they are 
called signaturized amplitudes) in some set of the fj-channels over all sets and over positive and 
negative signatures in each channel. But the leading contribution is given by the amplitudes 
with negative signatures in all the fj-channels. Indeed, due to the negative signature of the 
Born amplitudes the symmetry of the radiative corrections is opposite to the signature of the 
amplitudes. It leads to cancellation of the leading logarithmic terms in the amplitudes with the 
positive signatures. The amplitudes with the positive signature even in one of the fj-channels 
loose at least one power of logarithm in the imaginary part and two powers in the real part. 
Therefore with the NLLA accuracy the real part of the conventional amplitude presented in 
(12.11) coincides with the real part of the amplitude A2^2+n with the Reggeized gluons (i.e. with 
the negative signatures) in all the channels, ^A 2 ^ 2 +n = ^Alz} 2 +n- 

According to the Steinmann theorem iszi on absence of simultaneous singularities of am¬ 
plitudes in overlapping channels (two channels ■^* 2,^2 called overlapping if either 

R < *2 < ji < j2 or *2 < R < j2 < ji), the amplitude A\^2+n can be presented as a sum 
of contributions corresponding to various sets of the n -|- 1 non-overlapping channels |581l59] . 
Each of the contributions is a series in logarithms of independent energy variables of the 
non-overlapping channels symmetrized with respect to simultaneous change of signs of all Sjj 
with i < k < j, performed independently for each k = 1 , ...,n + 1 , with the coefficients which 
are real functions of transverse momenta. Using the equality 


discs[ln'’(—s) -I- 1 ^( 5 )] 




(4.1) 


—Tii 


valid with the NLLA accuracy, one can obtain, with the same accuracy, the "differential dis- 
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persion relation" |60| : 

^ / n+l j-1 \ Q 

^ disc,,, - disc,, ^ j 4 ^^ 2 +n/S = ^ (3^4i+n/«) • (4-2) 

which permit to express the partial derivatives d/dyj of the real parts of the amplitudes .4,2^2+n 
(divided by s) in terms of their discontinuities. The important point here is that with the 
NLLA accuracy the discontinuities themselves can be calculated using the real parts of ^ 2 ^ 2 +n 
in the unitarity conditions in the Sjj channels. On the other hand, the derivatives d/dyj 
determine dependence of 3fJ^2^2+n/s on InSjj, so that using fl4.2p one can restore 3fJv4,2^2+n/s 
unambiguously order by order in powers of In Sjj starting from the initial conditions (in the 
NLLA these conditions include, besides the tree amplitudes, one loop amplitudes at some energy 
scale). 

As it was explained before, with the NLLA accuracy '^j\^ 2 +n onn be replaced by 3fJ^2^2+n, 
where ^ 2 ^ 2 +n is the conventional amplitude. Assuming that 3fJ^2^2+n (14.2p in the right part 
of (14.2p has the multi-Regge form (|2.ip . we come to the relations (which are called bootstrap 
relations) 

^ / n+l j-1 \ 

^2^n+2 = {Uj{tj+l) - Uj{tj))^A2^n+2 ■ (4.3) 

\l=j+l 1=0 ) 

It follows from the foregoing that fulhlment of these relations with the discontinuities in the 
left side calculated using 3fJ^2->-n+2 in the unitarity conditions ensures the Reggeized form of 
energy dependent radiative corrections. Therefore, in order to prove the validity of the multi- 
Regge form (12.ip in the NLLA (assuming that this form is correct at some scale in the one loop 
approximation) enough to prove that the bootstrap relations (14. 3 p are fulhlled. At hrst glance, 
this problem seems insoluble because of the inhnite number of these relations. However, it 
turns out pS] that the inhnite set of the bootstrap relations (14. 3 p is fulhlled if several nonlinear 
conditions (which are called bootstrap conditions) imposed on the Reggeon vertices and the 
gluon trajectory hold true. This statement plays a crucial role in the proof of the correctness 
of the form (12.ip . It was proved in QCD using the operator form of the discontinuities [29] 
in the left side of (14.3p . The proof remains valid for Yang-Mills theories containing fermions 
and scalars in arbitrary representations of the colour group with any Yukawa-type interaction 
despite of change of the fermion contributions and appearance additional scalar contributions 
to the discontinuities. 


Representation of the discontinuities 

The operator form is dehned in the space of states \Q\Q‘^ of two t-channel Reggeons with the 
orthonormality property 

{Q',Q'2\QiQ 2) = rMKn - , (4.4) 

where r) and r/ are the Reggeon transverse momenta and Qi and Q[ are their colour indices. The 
main elements of this form are the impact factors for particle-jet and Reggeon-jet transitions 
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Jfc-l Jk 


Jfc+1 


Jn 


Jn+1 



I Jri+ 1 - 6 ) 


Figure 2. Schematic representation of the discontinuity of Sfe^^+i-channel 

The zig-zag lines represent Reggeized gluon exchange. The dashed line denotes on-mass-shell 
states in the unitarity condition. The right and the left black ovals represent the impact-factors 
for particle-jet and Reggeon-jet transitions respectively. The right-angled grey blocks denote 
the operators of the jet production. The blank right-angled block in the t^+i-channel represents 
the operator 


and the operators of the BFKL kernel lC{yk — Uk+i) and the jet production. Remind that we 
use the notion jet both for a single particle and for a couple of particles having longitudinal 
momenta of the same order. As an example, let us present the discontinuity of ^ 2 ^^n +2 
Sfe^„_i_i-channel (for a schematic representation of this discontinuity see Fig. [2]); 


- 4z(27r)^ - qn+i - h)<^ 




l=k 


= 


o'^{qi){yo-yi) (Jl 




IIA:; 


-iRi 


J=2 


o‘^{qi)(yi-i-yi) 


{JkRkll n 




Here the ket-states \ Jn+iB) and the bra-states {J^Rkl denote the impact factors for the particle- 
jet B —)■ Jn+i and the Reggeon-jet Rk —)■ Jk transitions respectively, K. and Ji are the operators 
of the BFKL kernel and the jet production. The states are dehned by their projections on the 
two-Reggeon states with the normalization fl4.4D and the operators are specihed by their matrix 
elements. 


The discontinuity in any Sjj - channel (z < j) can be obtained from (14.1 p by an appropriate 
substitution. If z = 0, /c must be changed on i, all factors besides 2s on the left from {JkRk\ 
must be omitted and {JkRk\ must be replaced by (JoA|; if j < n + 1, n must be changed on 


j — I and \Jn+iB) must be replaced by 


- ^ - 

Vj+i)-L 


n 


hl+l Jm — -i 

=j-\-2 iR 

m—l Rn 


—— 


1 "p-Rn+l 
Jn+lS* 
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The BFKL kernel consists of two parts, 


/C — Ujifi) + + /Cr, 


(4.5) 


where the “virtual” part is given by the gluon trajectories and the “real” part /C^ appears from 
real particle production. In the NLO 

tr = -/Cf/Cf A , (4.6) 


where A S> 1 is an auxiliary parameter serving for separation of QMRK from pure MRK, /C^ 
is the LO (Born) real kernel and 


{G,G2\t^\Q[Q2) 





d(t)j 

2(27r)^-i 


0 (A-Aj). 


(4.7) 


Here the sum is taken over all possible jets and over all discrete quantum numbers of these 
jets, 7 j ^ is the effective vertex for absorption of the jet J in the Reggeon transition G 2 G 2 
which is related to 'Jg^g/ by the change of signs of longitudinal momenta and the corresponding 
change of wave functions; 


d(j)j = {27 i)^ 6^ {ij - ^ h j 

i 



n\ 2n J-.J- 


i 


2/0(27r)^-i 


(4.8) 


where are the jet particle momenta, n is a number of identical particles in the jet; Aj in fl4.7p 
is the interval between the rapidities Zi = ^ /4~] particles. In the Born kernel the 

second term in (14.61) is omitted and only one-gluon production in the LO is accounted in (14.7p . 

Formally the representation of the kernel by Eqs. (I4.5p - (l4.8p remains the same as in QCD. 
The difference is in appearance of new Reggeon vertices in the sum over J in (14.71) and in 
the changes of the gluon trajectory and of the QCD Reggeon vertices because of dependence 
of the fermion contributions on representation of the colour group and appearance of scalar 
contributions. The same applies to the representations of the impact factors and the operator 
of the jet production. Remind that they have to be taken in the NLO in the case of one-particle 
jets and in the LO in the case of two-particle jets. The particle-particle impact-factor for the 
B ^ B' [B and B' can be two-particle jets as well) transition is represented by the ket-state 
\B'B) dehned as 


\B'B) = \B'B)^ - In 

where \B'B)^ is the LO (Born) impact factor and 

-r,(rferf,,-r*r|‘,J < 14 ,., n«(A--»)). (4.10) 

Here qs = Pb' — Pb, Zi are the rapidities of particles in the intermediate jets and pb = 
^'^^\Qb±\/{V^Pb)- case when B or B' is a two-particle jet, only the hrst term must be kept 
in Eq. (14.9p : moreover, only the Born approximation for this term must be taken in Eq. (14.101) . 


ri± 


Qbi. 


+ ^(^ 2 ±) In 


An 


qB± 


+ /Cf A \B'B) 


kB 


(4.9) 
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For completeness let us present the impact-factor of the A A' transition, although it is 
not necessary since it can obtained from (14.9p . fl4.10p by the “left ■(-)■ right” exchange, which 
means | ) -H- ( |, A ^ B, fi-^ -fi, zi O -zi ua ^ -Vb, Qi ^ -qi, + -H- -• 


(A'A| 


{A'A\^ 


{A'A\^ 



fiL 


+ u^{f2) In 


' 2 ± 
Qal 



(4.11) 


{A'm^ = 


iHu - ’■i - ’■=) E/ <14,^ I] " "')) • 


where qA = PA- Pa', Va = ln(\/2p;^/|g^_L|)- 


Accordingly, the Reggeon-particle impact factors are defined as 


\JiRi+l) lARj+l) 


'^{q. 




In 




kp+pu — r lulkp+px — 'f'2±\ 


u[r 


i±j 


and 


In 


'^i± 


\q{i+i)± - fi±\ri± 




In 


'^i± 


\q{i+i)± - f2±\f2± 


+ /CfA) \ J,R,+,)^, (4.13) 


B 


{GiG 2 \JiRi+i)^ = S-^{qii+i) + ki-ri- ra) x 


X 


'yLRi+1^%') 

7 7 


(4,14) 


{J,R,\ = (Jjflp - (Jjfli 


B / 


^{ql 


In 


Ri± 




In 




'^i± 

\qi± - fi±\ri± 

2 

\qi± - r 2 ±\r 2 ± 


\qi± - ri±\\qi± - f 2 ±\ 

+ /CfA), 


{JiRi\GiG2)^ = + r2-qi + ki) X 


X 


E / hicsAf.j - AgRm) d4‘j n 

7 ^ 7 


(4.15) 


(4.16) 


And finally, the operators J7i for production of jets J* are defined as 


= J 


KJt + JtK A + rj - - rj - 4) X 



(4.17) 


Here the last term appears only in the case when Jj = Gj is a single gluon, the sum in this 
term goes over quantum numbers of the intermediate gluon G and the vertices must be taken 
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S J QX 

in the Born approximation. At that ^ is the vertex for production of the jet consisting of 
the gluons Gi and G, ^gg vertex for absorption of gluon G and production of gluon 

■C\ 

Gi in the Q 2 Q '2 transition; it can be obtained from ^q^qi ' by crossing with respect to the 
gluon G. 


4.2 Bootstrap conditions 

In QCD, it was proved in j29] that an inhnite number of the bootstrap relations fl4.3p providing 
the validity of the multi-Regge form fl2.ip in the NLLA is fulhlled if several bootstrap conditions 
are performed. This statement remains correct for Yang-Mills theories containing fermions and 
scalars in arbitrary representations of the colour group with any Yukawa-type interaction, 
because formally all components of the discontinuities entering in the bootstrap relations fl4.3p 
differ from corresponding components in QCD only by appearance of new Reggeon vertices and 
by the changes of the gluon trajectory and of the QCD Reggeon vertices due to dependence 
of the fermion contributions on representation of the colour group and emergence of scalar 
contributions. Moreover, the bootstrap conditions have the same form as in QCD. They ere 
the following. 

The particle-jet impact factors are proportional to their Reggeon vertices: 

(A'A| = g{R^{qA)\T^,A , \B'B) = gV^,j,\R^{qB)) , (4.18) 

where T;^,^ and are the Reggeon vertices, qA = Pa — Pag Qb = Pb' — Pb, and \Ruj{q)) 
are the universal (process independent) states. 

The states \Ruj{q)) are the eigenstate of the kernel fC with the eigenvalues u{q) 

(/C-a;(g))|R^(g))=0, (R^(g)|(/C - a;(g)) = 0. (4.19) 

Moreover, they satisfy the orthonormality relations 

. (4.20) 


The Reggeon-particle impact factors and the jet production vertices satisfy the conditions 
9qi±{BUQi)\Ji + {JiRil = 97R,R^+,{RUqi+i)\, 

9qfi+i)±Ji\Ru{qi+i)) + \JiRi+i) = 91 r,r,+,\RM) ■ (4.2i) 

The summation over Reggeon colour index R in the right-hand sides of Eqs. fl4.18p and fl4.2ip 
is assumed. 
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5 Proof of fulfilment of the bootstrap conditions 


In QCD, the bootstrap conditions fl4.18p - fl4.20p were formulated in [6TI - [6^l67] and their fulhl- 
ment was proved in |4^[CTIM115211^81 - 170] . The bootstrap conditions fl4.2ip were derived 
in EH and their fulhlment was proved in [IMS]. 

To extend the proof to Yang-Mills theories of general form one has to take three steps. First, 
one needs to generalize the proof of the QCD bootstrap conditions to the case of fermions in 
arbitrary representation of the colour group. Second, one has to prove that contributions of 
scalars in these conditions don’t violate their fulhlment. And third, one has to prove fulhlment 
of new bootstrap conditions. 

5.1 Impact-factors for particle-jet transitions 

We have to separate consideration of one-particle and two-particle jets. Corresponding impact 
factors we will call particle —)■ particle and particle —)■ jet ones. In the NLLA the hrst ones 
must be taken in the NLO, while for the second ones the Born approximation is sufficient. Let 
us start with particle-particle impact factors. 

5.1.1 Particle —)■ particle impact-factors 

In QCD they are the gluon and quark ones. The hrst of them was obtained in [51]. The 
derivation presented there permits to generalize the quark contribution to this impact factor to 
any representation of the colour group. Using also the results of [42] for the scalar contribution, 
we obtain 



+ 



+ e) - V’(l + 2e) 


(1 -|- e)^ Oi -|- 2e^ci2 


2(l + e)2(l + 2e)(3 + 2e) 



(5.1) 


where q = ri + r 2 and 

- ^ (47r)^+T(l + 26)e(-gj)~' 

' 4r(l-e)r2(l + e) 


/ 


■7—rrr-r hr 
(27r)'^“^ 



J {I - n)l{l + r 2 )l 


1 

Ye 



(5.2) 
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Remind that 


(5.3) 


ai — 11 + 7e — 4(1 + e)^f — 02 — 1 + e — 

and the coefficients Oi and 02 vanish in = 4 SYM in the dimensional reduction. 

Comparing (15.1 p with gluon-gluon-Reggeon vertex fld.lOp we see that the bootstrap relation 
(Km is fulfilled if 


{RM)\GiG2) = - r2)T^g3 ( 1 - 


Ki + 


' i± 

ql 


+ 


' 2 ± 

ql 


- 1 


X 


-h ipil + 2 e) — " 0(1 + e) H— 7 --r- 

2e ^ ^ 2(l + 2e)(3 + 2e) 


— + ^p{l) + ^'(l + e) - V’(l - e) - ^'(l + 2 e) 


(5.4) 


The quark impact factor in QCD was obtained in j39]. The calculations presented there can 
be easily generalized to any quark representation of the colour group. Scalars give contributions 
to the quark impact factors due to their gauge and Yukawa-type interactions. The first ones 
come from vacuum polarization diagrams only and are obtained from corresponding quark 
contributions by the replacement —)• ^s/(4(l -f e)). As for the second ones, fulfilment of the 
bootstrap conditions (14.181) for them was proved recently |32] in the general form, for all impact 
factors, using the analytic properties of the amplitudes whose imaginary parts are associated 
with the impact factors and the vertices in the bootstrap conditions f|4.18p . Using these results, 
we obtain 


{Q'fQi\GiG2) 


-n- r2)Sfig\f{p)t^^Ui{p) 


1 


-2 r^(i + ^) 

^ er(l + 2 e) 


i-qlY 



' 1± 


+ 


' 2 ± 


— + 'ip{l + 2e)-ij{l + e) + 


ai 


+ — + 2V'(1) - -0(1 + e) - '0(1 + 2e) -h 


oi — 3(3 -|- 2e) 
2(l + 2e)(3 + 2e) 


+ 


2Cl 

Nr. 


2(l + 2e)(3 + 2e), 
3-2e 


- 1 


2 ( 1 + 2 e) 


+ )rWgr«5,. (5,5) 

Fulfilment of the bootstrap condition (I4.18p for the quark impact factor follows from comparison 
of this result with (13.121) and (15.4p . 


To obtain the impact factors for scalar particles we use the results of m In this paper 
they were calculated in SYM and in the special scheme which simplifies check of the bootstrap 
conditions (we call it bootstrap scheme). Generalization of the results of j32] to any representa¬ 
tions of the colour group for quarks and scalars is carried out in the same way as for the quark 
impact factors. Going well to the standard scheme with the help of the equality 


(9)ftl6i52> = V(« - n - ), 
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i± 


^1+ + Mr 7r-^(i)-^(i + e) + ^(i-6) + ^(i + 26) 


Ql 


In 


2 e 


' i± 


' 2 ± 

Ql 


In 


' 2 ± 


where 


{g[g2\l^K\gig2) = g^S^{r[ + r' - n - r2)T^,gJ^,g, 


( 2 vr; 


D-l 


+ 


X 


Ma , {^2 - r')^„ 

/o ~r 


' 2 ± 


In 


(r 2 -r^)^/ [(r^-n) 




= - In 
2 




{n - ri)2 


(ri 


i± V' i ' i;± 
I n! I 


and is defined in (15.2p . we obtain 

kS',,Sr\QxQ2) = - ri - Tlg^ 




X 


er(l + 26 ) 




(5.6) 


(5.7) 


+ ^-^(9-r,-rj)r5%^9re';e,. (5.8) 

r' 

Fulfilment of the bootstrap condition (Id.lSh for scalar scattering follows from comparison of 
this result with fl3.13p and fl5.4l) . 


( 2 i 


+ 26) (3 + 26) 


5.1.2 particle —)■ jet impact factors 

For particle jet transitions A ^ N = {P 1 P 2 } fhe bootstrap condition fld.lSp takes the form 

{{PiP 2}A\G,G2) = gVfp^p^^j,{RM\Qi<32 ), (5.9) 

where 

{{p,p,}A\gig,) =s^(k-h-h-n-n) (^^,^,r 5 i^+ (5.10) 

{A'} 

+ ^^P2P2^{PiPA^ ~ ^ ■ 

{p} {PA 

As it was already pointed out we need to consider Eqs. fl5.9p and fl5.1Up in the LO only. In 
this approximation fulfilment of the bootstrap conditions fl5.9p can be proved without explicit 
forms of the impact factors jl2]. Indeed, using the old-fashioned perturbation theory we can 
write 

pj? _ -Sp V{CD}B''^B'B '^ca^{C'D}B ^dd'V{CD'}B fc.ll'i 

{CD}B 2 ^ 2 eB'{ec + — ^B') ““ 2 es(es — e£) — ec") ““ 265(65 — e^'— ec) ’ 
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where V{bc}a is the vertex of the A —)■ BC transition in which all particle momenta are 
on the mass shell and all particle polarizations are physical. It is easy to see that in the 
impact factor fIS.lOp the contribntions resnlting from nse for terms in the 

representation fIS.lip cancel the contribntions resnlting from nse for and r|p^p,j^ the 

first term in (15.1111 . Fnrther, the snm of the contribntions coming from nse for r|p,p^j^ the 
third term in (15.lip and for r|p^p,j^ the second term cancel each other with acconnt of the 
antisymmetrization {Qi ■(-)■ ^ 2 }- After these cancellation, it’s easy to see that fnlfilment of (15.9p 
follows from the relation 


Z - {6, &} = . (5-12) 

B 

which is the LO bootstrap condition for the particle-particle impact factors. 


5.2 Bootstrap conditions for the eigenfunction of the BFKL kernel 

Fnlfilment of the bootstrap conditions fl4.19p and fl4.20p were proved in QCD in [6^[6311681 - 
ED]. In fact, the proof can be applied to Yang-Mills theories with qnarks and scalars in any 
representations of the colonr gronp and with any Ynkawa-type interactions. First, the kernel /C, 
the eigenstate \Ruj{q)) and the eigenvalne uj{q) don’t depend on the Ynkawa-type interactions 
at all. For the kernel it follows from its definition (14.51) - (14.7p and from the explicit form of the 
Reggeon prodnction vertices presented in Sections 13.21 and 13.31 for the trajectory and for the 
eigenstate |i?^) it is seen from their explicit forms presented in (13.1!) - (13.3!) and (15.4p . Second, 
it’s seen also from these eqnations that the qnark contribntions to the trajectory and to the 
eigenfnnction depend on the qnark representation only throngh and the scalar contribntions 
is obtained from the qnark one by the replacement —)■ ^s/(4(l -|- e)). The same is trne for 
the BFKL kernel in the antisymmetric adjoint representation of the colonr gronp 1311174] which 
enters into the bootstrap condition (I4.19p . Therefore generalization of the proof of fnlfilment 
of the bootstrap conditions (|4.19p and (I4.20p presented to Yang-Mills theories with qnarks and 
scalars in any representations of the colonr gronp is trivial. 


5.3 Bootstrap conditions for particle production in the central rapid¬ 
ity region 

In the NLLA, the bootstrap conditions (14.211) has to be fnlfilled both for the prodnction of a 
single glnon and for the prodnction of a two-particle jet. In the last case it has to be considered 
in the LO. Let’s start with this case. 
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5.3.1 Two-particle jet production 


The jets can be two-gluon, quark-antiquark and two-scalar ones. Let us denote the particles in 
the jet Pi and P 2 . The impact factor for transition of the Reggeon Pi into the jet has the form 


{{UAlfliieift) = -h-h-n- [7Sr'r|p. + 

\p'} 


+ 


+ ^TpiP2}G'^RiGi 1 - {^1 ^ ^ 2 } , (5.13) 

{G'j ^ 


where qi is the Reggeon momentum, li, I 2 are the particle Pi and P 2 momenta respectively, 
ri and r 2 are momenta of the Reggeized gluons Q 2 and ^ 2 - The vertices Tp,p are defined in 
fl3.10p - fl3.13p (remind that here we need them in the Born approximation only), is given 

by p.lOp , the vertices are defined in fl3.22p and fl3.34p . The matrix element 

of the jet production operator entering in the bootstrap condition fl4.2ip can be written as 


{RLoiqi)\JpiP 2 \GiG 2 ) = 9S^iqi -h-k-ri- 



{P 1 P 2 } 


ri); 


'^5252 


+ 


T, 


Ri 


,Tl ^,P2 


+ ri )^(/2 - f - 

The second term here exists only when Pi and P 2 are gluons. 


{Qi ^ G 2 } ■ 


(5.14) 


The impact factor fl5.13p and the matrix element fl5.14p contain six independent colour 
structures. The can be chosen as where T* are the colour group generators 

for produced particles and a,b,c are permutations of Pi, ^ 1 ,^ 2 - Equating the coefficients at 
these structures in the left and right sides of the bootstrap condition one obtains six equation. 
However, due to symmetry of the bootstrap condition with respect to interchange Pi •H- P 2 and 
antisymmetry with respect to interchange Qi ^ G 2 , only two of these equations are independent. 
The structure gives 


-BpiP 2 {qi'-: h + r 2 ±) + C^^{r 1 , qi)A^p^p^{qi -ri) — - 12 Bp^p^{qi — r i _ l ; h, h) = 

[qi - ri)j_ 

~ Bp^P2{qi]li,l2) ■ (5.15) 

Here PpiPj are defined in equations fl3.35p . fl3.37p . and fl3.38p . Quantities Ap^p^{k) are defined 
for quark-antiquark, two gluons, and two scalars in Eqs. fl3.23p . fl3.27p . fl3.29p correspondingly. 
And lastly, 

C±i,{ri, qi) = -2 l^gip - ~ 

Direct substitution of these expressions shows that the condition fl5.15p holds. 
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The second equation can be obtained using the colour structure It looks as 


— li-\- r i_i_, I2) — Bp^p^{qi] I2 + r 2 ±, h) — C±f^{r 1, qi)Ap^p^(qi 

- - r.) + 

{elpC±i,{ri, h + ri)) {el^pCp^(r2, h + ^ 2 )) 

(h+ri)i(/2 + r2)i 


■ Ti)- 

ri±]l2,h)\ 
r2)l ) 


(5.17) 


Here, the last term in the left-hand side appears only in the case of two-gluon jet production. 
Check of fulhlment of (I5.17p can be performed by direct substitution of the expressions (I3.35j) - 
(I3.38p . and (I3.22p - (l5.16j) . The check can be simplihed by taking the sum of (I5.17p . (I5.15p and 
fl5.15p with the substitution Pi P 2 , ri r 2 , that gives 


— Bp^p^^qi] li + r IX, I 2 ) — Pp 2 Pi(gi; h, h + r ix) - 
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BpiPiiQu hi I 2 + r 2x) 
= —Bp^p^{qi] hi I 2 ) - 


— Bp^phqVi h + r 2 ±, ^ 1 ) — 
Bp2Pi{qiil2ih) ■ (5.18) 


5.3.2 Bootstrap conditions for the Reggeon-gluon impact factor 


In QCD, the bootstrap conditions fl4.2ip were proved in Refs. [771172] . The proof was generalized 
for SYM theories in |32]. Here we extend the proof to Yang-Mills theories with fermions and 
scalars in any representations of the gauge group. 


First,we note that in the NLO the Yukawa-type interaction does not play any role in the 
conditions (14.2ip . Then, the basic colour structures can be chosen in the same way as in QCD; 
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(5.19) 


The hrst structure is symmetric with respect to the replacement Qi ^ 2 - The second and third 
structures, which are referred to as the tree structures, are chosen to be identical to those in the 
Born impact-factors. Convenience of the choice fl5.19p is caused by that the virtual corrections 
appear only at the tree structures and that the coefficients at the symmetric structure are 
antisymmetric with respect to the replacement ri y-)- r 2 of the Reggeon momenta because the 
total antisymmetry of the components of the bootstrap condition fl4.2ip (see fl4.13p fl4.17p j. 


As well as in |42ll72j . consideration of the bootstrap condition (I4.2ip can be simplihed by 
using of the bootstrap scheme, where 

(GPi|, = {GPi|(l-Wfc), {R^{q)h = {R^{q)\{l-Uk)i G, = {I+Uk)Q{l-Uk)i (5.20) 

where Uk is dehned in (15.71) . k is the momentum of the gluon G. Use of this scheme permits to 
avoid the calculation of the most complicated integrals both in the Reggeon-gluon impact-factor 
and in the matrix elements of the gluon production operator. In this scheme the transformed 
eigenfunction is calculated exactly in D = 4 -|- 2e: 
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Using the results of [H]- [73], [42] . we obtain for the part of the transformed impact-factor 
with the tree color structure: 
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V^{qi,q 2 ) and Rk{ri,r 2 ) are dehned in fl3.17D and (15.231) respectively, 
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Corresponding part of the matrix element of the gluon production operator is 


= KTg,jga{ (^ 




2± 


{qi - riy_ 


1 r^i 

X In 


Lr, 


2± 


+ In 




i± 


In 


(gi -n)ii 

) 

F 

ih'e 

1 

l-^-(\n 

r(gi-fc)i] 

In 

\iqi-k)li 

.^2 

' IX ^ 

; 

\ki qtJ 

2 V 

^ gi\ J 


[ kl \ 


In 


2 ± 


(qi - n)i 


In 


r^2 

2± 






9 


^ (gi,gi - k)± jf,{k,qi - k)_ 

q^j^ r; fC I ■ 


ql^ 




i±, ft-xj 


{qi-ri,r2)± (ra,/c)x\^ ^ 




IX - ’’IX, k±) - ^ ^ 






(5.27) 


The forms fl5.24p and fl5.27D are suitable to check the bootstrap condition fl4.2ip . It’s easy to 
see using them that 
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The last equality follows from fl3.15p . fld.lbp and fl5.2ip . 

For N=4 SYM in the dimensional reduction scheme fl5.24p gives the result j2Z] 
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and fl5.27p becomes 
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The part of the Reggeon-glnon impact factor with the symmetric colonr strnctnre comes 
from real glnon prodnction only. It has the form m 




X 


‘^{-klY I' xik'l (9i -ri)Y irl_^-xikl) '^ [- (ri + X2k)]_{qi - ri)\ 


ex\-^^ 


{r2 + xik)‘]_ {qi - ri)\ {r2 + xik)\ J L qlxk\xl 


(?i-n)x 1 ^^\{ri +Xik)\(r2 +Xik)\(r2 +X2k)‘]_ 


{qi -ri)'ixi 


xlrlj_rlj_{k + r2)[ 


K 1 , 


(ri + Xik)'^ 


i± 


(5.31) 


gfj_ 1 [(ti + X2k)\{ri + XikY ^ 


ql^xi 


(ri + k)\rl^ 


+ A/;^Tr[T®2T^T®iT^i] / dxi<( ri O rs 
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and eqnal to —g^q\^{Ruj{qi)\Q\QiQ 2 )*syra) that means fnlfilment of the bootstrap conditions 
(I4.2ip . Note that the symmetric colonr strnctnre is nonplanar and therefore vanishes in the 
limit of a large nnmber of colonrs. 


6 Conclusion 


In this paper we have presented the proof of the mnlti-Regge form of mnltiple prodnction ampli- 
tndes in the next-to-leading logarithmic approximation. The proof is carried ont for Yang-Mills 
theories with fermions and scalars in arbitrary representations of the colonr gronp and with any 
Ynkawa-type interaction. It is based on the bootstrap relations which follow from compatibil¬ 
ity of the mnlti-Regge form with the s-channel nnitarity and connect the discontinnities of the 
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multiple production amplitudes in invariant masses of various combinations of produced parti¬ 
cles with amplitude derivatives with respect to rapidities of these particles. The discontinuities 
are constructed from several blocks which, in turn, are expressed in terms of the gauge boson 
(gluon) trajectory and the Reggeon (Reggeized gluon) vertices. It turns out that performing an 
inhnite number of these relations is sufficient to fulhll several bootstrap conditions imposed on 
these building blocks. We have presented explicit expressions for the gluon trajectory, all the 
Reggeon vertices and all the blocks entering into the discontinuities of the multiple production 
amplitudes, and have demonstrated fulhlment of the bootstrap conditions. 
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